Abstract-A combined spatial and frequency domain interferometer or angular and frequency correlation (ACF/FCF) between two radar beams in the VHF-band is applied for the direct measurement of seaice thickness. This measurement is critical because the thickness of sea ice within the polar region indicates the state of ocean circulation and the associated air-sea heat exchange, which profoundly affects the global heat balance and ocean thermohaline circulation. This new instrument technology-cryospheric advanced sensor (CAS)-can measure sea-ice thickness, filling a critical gap in measuring the polar region. In this paper, we present the algorithm development and demonstration by simulations of estimating the height of the sea-ice that led to the robust design of CAS interferometric system. Sea-ice thickness is derived from the interferometric phase of the ACF/FCF function of two VHF-band-scattered returns of two radar waves that have different frequencies, incident angles, and observation angles. The inversion calculation to estimate the ice thickness is based on several methods, gradient-descent (GD), least-square (LSQ) method, and genetic algorithm (GA). Compared with a GD method, and LSQ method, GA does not require the knowledge of the derivative of the ACF/FCF function. Good agreement is shown with GD and LSQ results, when a single unknown variable-sea-ice thickness-is to be determined. To support the inversion calculations and analysis, we developed an analytical model. The analytical model used to formulate the ACF/FCF function depends on the age of the ice being measured. The analytical model for first-year ice is based on the small perturbation method (presented here) and, for multiyear ice, the Kirchhoff approximation (presented in accompanying paper by the authors).
I. INTRODUCTION
EA ice thickness is an indicator of the state of ocean circulation and associated air-sea heat exchange within the Polar Regions, which can have profound impacts on global heat balance and ocean thermohaline circulation. Developing a means of determining sea ice thickness cover on broad, synoptic-scales at regular intervals would fill one of the highest priority measurement gaps in the polar-regions. For a given low frequency of operation, available radar bandwidth is limited for a spaceborne sensor. This limits the techniques (e.g. radar sounder) that can be applied to the direct measurement of sea-ice thickness. In this paper, we present sea-ice thickness estimation based on combined spatial and frequency domain interferometer or angular and frequency correlations (ACF/FCF) between two radar waves at different frequencies, incident angles and observations angles. This approach allows alleviating the restriction of very wide radar bandwidth as in radar sounder, and has an advantage to differentiate surface scattering (at the air-snow, snow-ice, and ice-water interfaces) and volume scattering (due to brine inclusions and air bubbles within the ice). This approach has an advantage to exploit the difference in the effect of correlation properties of surface (strong correlation along a line-memory line) and volume scattering (strong correlation at specific points -memory dots). Consequently, the interferometric phase of the angular and frequency correlation function of two scattered waves is used to derive the corresponding sea ice thickness, and offers a means to develop a robust interferometric system.
Our forward calculations use four-layer sea-ice model (air, snow, sea-ice, and seawater). We have developed analytical and numerical models. The analytical models ACF/FCF function formulation is based on small perturbation method (useful for first-year ice) and Kichhoff approximation (useful for multi-year ice). We used the ACF/FCF functions to gain insight into its coherence amplitude and phase sensitivity with ice depth, surface layers roughness, and volume scattering suppression, and guide in the instrument design.
We present the sea-ice inversion calculation of the CAS based on a Genetic Algorithm (GA), and is compared to Gradient Descent (GD) method, Least Square Method (LSQ). We also present snow depth effect, and the uncertainty associated with the knowledge of the dielectric constant of the sea-ice brine inclusion on sea-ice thickness estimation.
II. SEA ICE MODEL
Sea ice is a highly inhomogeneous medium consisting of lossy background ice with trapped air bubbles and brine inclusions. Furthermore, the surface is covered by snow and its compositions vary substantially over time and location. At low frequency such as VHF radar, the detailed structures of sea ice may not be important, and we can model the sea ice as a four-layer medium which consists of air, snow, ice, and Fig.1 . This has three boundaries which can contribute to the total radar return: the air to snow boundary, snow to sea ice boundary, and sea ice to seawater boundary. In addition, the volume scattering due to inclusions in the snow and ice layer may become important if the boundaries are smooth. If the temperature is above freezing, the snow layer may contain a mixture of air and moisture as the background material known as 'wet air'. Based on the published reports [3] , [5] , we estimated the typical parameters of this four layer structures as shown in Table 1 . The EM model presented in this paper is obtained using these values.
To simplify the analysis and demonstrate the effectiveness of the proposed approach, we only present one-dimensional model in this paper. We separate the EM wave propagating in the medium into coherent and incoherent waves. For coherent wave, we use transmission line approach in which the boundaries are assumed to be flat and multiple reflections in snow and sea ice layers are included. Once the down-going and up-going coherent waves are obtained, we can find the incoherent wave induced by the rough surface scattering and volume scattering. The interfaces between layers are very small compared to the wavelength; thus the small perturbation approximation is used for rough surface scattering. The inclusions in both snow and ice layer are also very small compared to the wavelength. Therefore, we can use Rayleigh approximation for volume scattering.
The dielectric constants shown in Table 1 are the result of the Maxwell-Garnett mixing formula given by [2] 
where eff ε is the effective dielectric constant, 1 ε is the dielectric constant of the background medium, 2 ε is the dielectric constant of the inclusions, and f is the fractional volume. The dominant inclusions that strongly affect the dielectric constant value of bulk sea ice are the brine inclusions because it has a large value of dielectric constant in both real and imaginary part. Here we use fractional volume of up to 5% for brine inclusions. 
A. Coherent component
The coherent component in this case in the component resulting from multiple reflections within media based on the flat surface interfaces. It is considered a zeroth-order solution to this multilayer media problem. The coherent component can be calculated based on the transmission line model. Let
, I are evaluated at air-snow interface, 2 V and 2 I are at snow-sea ice interface, and 3 V and 3 I are at sea ice-water interface, respectively. The angle m θ in each layer can be calculated using Snell's law.
B. Incoherent component-rough surfaces
We use the small perturbation approximation to calculate the rough surface scattering contribution. Consider the interface between two media with rough surface as shown in Fig. 2 .
The incident wave field ψ i , the scattered wave field ψ s , and the transmitted wave field ψ t are given by
The function ( )
We expand b S and c S in scattering order and retain zerothorder and first-order terms.
The zeroth-order solution is the solution of the coherent wave problem using the transmission line approach. It can be written as ( , )
The first-order solution is given by
where 2 1
R and T is the reflection and transmission coefficient, respectively. The function H is given by ( )
where ( ) h x is the height function of the random surface. We can find the far-field scattered wave is given by
For convenience, we write the scattered field
s s ψ θ ω as a product of two terms
Now, we have the scattered field formulation from one rough surface. The total scattered waves are combination of rough surface scattering from all the surfaces and volume scattering from inclusions in layers. We further make assumption that these scattering phenomena are uncorrelated. Thus, the correlation of scattered waves is the summation of the correlation of wave from each rough surface and correlation of wave from volume scattering. The total correlation function is given by 
where σ is the rms height and l is the correlation length. eq L is the illumination length of the surface which is included in a Gaussian taper function. Although the previous formulation is based on a plane wave, the Gaussian taper function is included in Eq (12) to simulate the realistic case. The function Θ can be found using Eq. (7), (9) and (10) 
The magnitude of Eq.(12) shows the well known "Memory line" characteristics of the rough surface and it is related to However these surface characteristics dictate which surface is the dominant one in terms of total phase because, as shown in Eq.(12), the magnitude of ACF/FCF returned to the receiver depends on the surface characteristics and the amount of wave incident upon each surface, which can be determined by coherent transmission line model explained previously.
C. Incoherent component-volume scattering
For volume scattering, we apply the Rayleigh scattering approximation because the particles are very small compared to the wavelength. We further assume that the volume scattering occur only in ice layer. The ACF/FCF are given by ( ) ( ) ; ;
The function I gives the "Memory dot" characteristic to the volume scattering correlation function. Note that the correlation functions for volume scattering are calculated based on threedimensional geometry for the spherical particles. On the other hand, the correlation functions for surface scattering explained in the previous section are based on two-dimensional geometry, which is not entirely matched. In our future work, we will include the correlation function for surface scattering based on three-dimensional geometry.
D. ACF/FCF results
We study the behavior of the ACF/FCF using the following parameters: Wave 1: 137 MHz center frequency with incident angle of 30 degree and observation angle at backscattering direction. In order to extract information about the thickness of the ice, we need to obtain the sufficient amount of scattering from the rough surface 3 (ice-seawater interface). To maximize the desired surface scattering and to minimize the volume scattering effects, we can choose appropriate combinations of incident and observation angles for both waves as shown in Fig.3 . In this example, the phase of ACF/FCF is linearly related to the ice thickness up to 3m. Beyond 3m, the phase is independent of ice thickness. This is due to the fact that the attenuation within a sea ice layer contributes significantly less signal return from the sea ice-water interface when the ice becomes thicker than 3m.
According to our surfaces parameters, contribution from surface 2 (snow-ice) becomes dominant when ice thickness exceeds 3 m. This limitation is strongly dependent on the characteristics of ice and the rough interface between each layer in our model.
III. SEA ICE THICKNESS RETRIEVAL ALGORITHMS
From the previous section, the results suggest that the phase of FCF can be used to estimate the ice thickness. We apply several methods to estimate the ice thickness based on the measurement of phase of FCF. Here, we use simulated forward data to make the estimation.
First, we employ the gradient descent (GD) method to estimate the ice thickness. GD method is to minimize a cost function ( ) 
where µ is the iteration step. This process can be done iteratively until the solution converges within a prescribed margin. Since the phase of FCF (ψ ) is a complicated function of height h, we use the numerical derivative. Second, we apply the least square error concept to the estimation.
In the case where we have independent measurements of the ACF/FCF, either by changing combination of frequencies or angles or both, we can apply multiple values and form a minimization problem on the average error. In lease square (LSQ) method, we want to find the answer of the equation ( ) 
For multiple data points, we can form a matrix equation. Notice that both GD and LSQ method require a first estimate o h . From the formulation of the small perturbation approximation explained in previous section, we can make a few assumptions to derive the first estimation. We assume that the contribution from the snow is small; therefore, we derive the phase of FCF in the case where snow thickness is zero. The expression for o h is not shown here due to the space limitations.
The performance of the GD and LSQ method are shown in Fig. 5 . For GD method, we use wave 1 of 137 MHz with incident angle of 30 degree and back direction observation and wave 2 of 162 MHz with incident angle of 25 degree and back direction observation. For LSQ method we includes 7 data points using bandwidth of 6 MHz. The set of frequencies used for LSQ are listed in Table II . Measured data is the simulated data from forward model. The first estimations are calculated based on zero snow thickness, and then, the results are fed to the GD and LSQ algorithm. In this case, we assumed that the parameters used in the estimation, including the dielectric constants and snow depth, are known. As a result, the error of the estimation is very small.
Third, we employ a genetic algorithm (GA) optimization approach for sea-ice thickness estimation, h. For GA, we consider a fitness function or objective function for maximization within a constrained range of input parameters h. A binary coding for the parameters h is used [7] . The fitness function is given in Eq (17), and we use it to assign a Next, we investigate the cases where the other parameters are not completely known. First, we investigate the effect of uncertainty of dielectric constant of ice to the estimation. As the mixing formula (Eq.(1)) suggests, the volume fraction of brine inclusion dictates the dielectric constant of the bulk ice. We use the simulate data based on fractional volume of 5% but the estimation algorithms employ other value of fractional volume. The results are shown in Fig. 7A . It exhibits almost linear relationship between the deviation of the fractional volume to the true value and the percentage of error of the ice thickness estimation.
Second, we consider the error in snow depth parameter. The true snow depth is 8 cm. We calculate the case when the assumed snow depth changes from no snow to 30 cm. The results are shown in Fig.  7B . The error of ice thickness estimation is shown as a function of the assumed snow depth at several true ice thickness values. It indicates that the snow depth is also an important parameter for accurately estimate the ice thickness. The results also suggest that the larger the ice thickness the smaller the effect of snow on the estimation. IV. CONCLUSION Sea ice thickness retrieval can be done efficiently by ACF/FCF method.
We used several methods in the inversion calculations namely gradient descent (GD), least square (LSQ) method, and genetic algorithm (GA). Good agreement is shown between GA, GD and LSQ results, when a single unknown variable-sea-ice thickness-is to be determined. Our forward calculations use four-layer sea-ice model (air, snow, sea-ice, and seawater). The model developed here to obtain the ACF/FCF functions is based on small perturbation theory. We used the ACF/FCF functions to gain insight into coherence amplitude and phase sensitivity with ice depth, surface layers roughness, and volume scattering suppression. The effect of snow cover and the knowledge of the dielectric constant of the brine inclusions on ice thickness retrieval are discussed. We are currently developing a VHF and Ku-band (for snow cover characteristics) field experimental radar to validate and improve the inversion model and its prediction through a sea ice field experiment conducted on the Arctic Ocean ice cover. ACKNOWLEDGEMENT Error in t he e stimation (%)
